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Abstract 

We consider the intersecting D4-brane and anti-D4-brane model of holographic QCD, 
motivated by the model that has recently been suggested by Van Raamsdonk and Whyte. 
We analyze such D4-branes by the use of the action with a bi-fundamental "tachyon" field, 
so that we find the classical solutions describing the intersecting D4-branes and the U- 
shaped D4-branes. We show that the "tachyon" field in the bulk theory provides a current 
quark mass and a quark condensate to the dual gauge theory and that the lowest modes of 
mesons obtain mass via tachyon condensation. Then evaluating the properties of a pion, 
one can reproduce Gell-Mann-Oakes-Renner relation. 
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1. Introduction 

Holography is the powerful tool for analyzing physics of strong coupling. Since 
AdS/CFT correspondence, which is a realization of holography, was suggested by [1], 
many physicists have been trying to understand QCD from the viewpoint of a higher di- 
mensional bulk theory. For this purpose, AdS/QCD model has been proposed as bottom 
up approach [2], while many models have been constructed by D-brane configurations in 
string theory or non-critical string theory as top down approach. However these models 
are the holographic models of the theories close to QCD, and we have not known the 
holographic model of real QCD yet. 

One of the most successful models for holographic QCD is Sakai-Sugimoto (SS) model 
[3,4]. It consists of the Nc color D8-branes and the Nf flavor D8-branes and anti-D8-branes 
whose configuration is shown in the following table: 
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iVc D4 
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o o 


Nf D8/D8 
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o 


o 


o o o o o o 



Table 1: The D-brane configuration of Sakai-Sugimoto model. 



The color D4-branes induce the U (Nc) dual gauge theory, which has been studied by [5] . 
In large the color D4-branes are regarded as the background, in which the D8-branes 
and the anti-D8-branes are connected with each other and are transformed to the Nf U- 
shaped D8-branes. This implies the chiral symmetry breaking from U{Nf) x U{Nf) to 
U (Nf), which gives rise to a pion as a massless goldstone boson. In SS model the U-shaped 
D8-branes have been studied by the use of a Dirac-Born-Infeld (DBI) action, and a lot 
of properties of mesons and baryons have been calculated. As a result, they are in good 
agreement with experiments. On the other hand, one of the serious differences between 
SS model and the real world is that this model is the holographic dual of the massless 
QCD. In order to improve this problem, several works have been done: for instance, ones 
incorporated a bi-fundamendal field in terms of a tachyonic DBI action [6,7], another added 
an open Wilson line [8] and so on [9,10]. These modifications have succeeded in introducing 
a current quark mass, so that the pion mass is recovered. 

Without the U {Nf) x U (Nf) bi-fundamental "tachyon" field, the tachyonic DBI action 
of the D8-brane and anti-D8-brane considered in [6] is reduced to the D8-brane action of 
SS model in the limit of non-compact background. Since the bi-fundamental field has 
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the same representation as the quark bi-hnear qq, the current quark mass and the quark 
condensate in the boundary theory correspond to the bi-fundamental field in the bulk 
theory. The U-shaped D8-brane has been found as the classical solution of the tachyonic 
DBI action. This solution implies that the D8-brane and the anti-D8-brane are annihilated 
with each other around the origin because of tachyon condensation, so that they combine 
into the single U-shaped D8-brane. The world-volume gauge fields on the D8-brane and 
the anti-D8-brane provide us with vector mesons, axial-vector mesons and pseudo-scalar 
mesons. The pion, the lowest mode of the pseudo-scalar, becomes massive on account of 
the tachyon field. Furthermore, as a byproduct, it has been shown that the pion satisfies 
Gell-Mann-Oakes-Renner (GOR) relation [11] up to a numerical factor. 

The models with flavor D4-branes, instead of D8-branes, have also been studied in six- 
dimensional non-critical string theory [12,13]. Furthermore recently the D4-branes model 
in critical string theory has been suggested by Van Raamsdonk and Whyte (VW) [14] . It 
consists of Nc color D4-branes and Nf flavor D4-branes (see Table 2). 
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Table 2: The D-brane configuration of Van Raamsdonk- Whyte model. 

Both of VW model and SS model have the same gauge sector by the color D4-branes 
as [5]. On the other hand, since the codimension of the flavor D4-branes is bigger than 
the one of the D8-branes, there exist more scalar (meson) fields in VW model than in SS 
model. In [14], the mass spectra of the scalar mesons have been numerically evaluated 
and the relations between the mass spectra and the constituent quark mass have been 
clarified. The constituent quark mass is determined by the IR boundary condition of the 
fiavor D4-branes. Note that the constituent quark mass in SS model has been introduced 
by the non-antipodal generalization [12,15,16]. 

In this paper we are interested in incorporating a current quark mass into VW model. 
We shall consider the tachyonic DBI action of the Nf fiavor D4-branes and anti-D4-branes. 
This action is reduced to VW model, if the tachyon field vanishes everywhere. The D4- 
branes and the anti-D4-branes which we shall consider are also regarded as the intersecting 
D4-branes, and there exists a tachyon around the intersection point. The recombination of 
intersecting D-branes has been studied by [17,18]. In our case, the intersecting D4-branes 
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should be recombined by the tachyon condensation and become U-shaped D4-branes in 
the way similar to [6]. Then the tachyon field corresponds to the quark bi-linear and the 
pion obtains mass. In [19,20], the other kinds of intersecting D-brane systems have been 
studied for adding flavors into the holographic models. 

For simplicity, we shall consider the Nf = 1 case. In Section 2, we shall explain the 
background metric used in [14]. Then the tachyonic action of the D4-brane and anti-D4- 
brane in the non-compact limit of this background will be analyzed, and we shall find 
classical solutions in the IR and UV asymptotic regions. In Section 3 we shall evaluate the 
quark mass and the quark condensate from the bulk theory in terms of those solutions. 
In Section 4 we shall consider the fluctuations of the gauge flelds on the world-volume 
of flavor D4-branes, and in Section 5 some properties of the pion which is derived from 
this gauge fleld will be calciflated. We shall also show that those properties satisfy GOR 
relation. In Section 6, we shall give some comments on scalar fields. Section 7 is devoted 
to the conclusions and comments. 



2. Analyses of flavor D4-brane and anti-D4-brane 

2.1. Nc color D^-hranes as background 

When Nc ^ Nf (= 1), the Nc color D4-branes are regarded as the background, in 
which we can treat the flavor D4-brane and anti-D4-brane as probes. The metric of this 
background is described as 



3 , , 3 „ ^ 



fiU) 

m:=l-[-^) . -' = 9s[-^) > ^^=-^^^' (2-1) 

where the volume of a unit four-sphere V4 is equal to 87r^/3. Since the X4 direction 
is compact and U > Ukk, this background has a cigar geometry. The period of a;4 is 
determined by the smoothness at U = Ukk and leads to the Kaluza- Klein mass 



M 3 Ukk 

R and the 't Hooft coupling A (= fi'YM-^c) are denoted in terms of the string coupling Qg 
and the string scale Is by 

= ttNcQsII , A = 2TrMKKNcgsls ■ 
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(2.2) 



We shall use the coordinate transformation introduced by [14] , 

dp dU 

This differential equation can be solved 

Since (2.2) is invariant under the rescaling of p, we fix the scale of p so that 

_ 2 

PKK = 23 U-KK , 

for the later convenience. Since the coordinate U in (2.1) has the lower bound U-kk and 
the right hand side of (2.3) is the monotonically increasing function of p, pkk is the lower 
bound of the coordinate p. Then the metric (2.1) is rewritten as 
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r^^.dx^'dx'' + ( ^44 ) dxl 
\9+{p)J 

•3 / ^ 4 



^±(p):=l±(^j , e^ = 9s[^) V^). (2.4) 
Note that dp"^ + p^dVt\ is the metric of R^. The x^^ direction shrinks at p = pkk because 

of fi'-(pKK) = 0. 

Here we shall consider the non-compact limit, that is, Uylk 0. Since pkk also goes 
to zero in this limit, the metric and dilaton (2.4) are reduced to 

3 3 3 

ds^ = (^^) ' [v^.^dx^dx'' + dxl] + (^^^ ' [dp' + p'dnl] , e'^^gs (^|) ' . (2.5) 

2.2. Dp-brane-anti-Dp-brane action 

The action of Dp-brane and anti-Dp-brane consists of the DBI action and the Chern- 
Simons action, 

S = 5dbi + Scs . (2.6) 

The tree-level effective DBI action ^dbi has been given by [21]. Without NSNS B- 
fields, the action is written down as 

^DBi = -Tp / dP+^a V^(|T|)^QHe-<^(^'"') V- det AH , (2.7) 



where 

r I |2 



ah - y«o 27ra'Q(") 



+ (^a'{Dar{Di,TY + L»6T(L'aT)*) 

+ ^(r(I)ar)* - r*Dar)r{gib - gijdbX^''^^)^ , 

ZTTO; 

Tp is the tension of Dp-brane. a,b denote the tangent directions of D-branes, while i,j 
denote the transverse ones. The Dp-brane and the anti-Dp-brane are labelled by n = 1 and 
2 respectively. Then the separation between these D-branes is defined by = X^^^^ — X^'^^'^. 
pin) means the puUback from the target space to the world- volume, that is, P^'^^[r)ab] = 
VMNdaXi'-'^^dtXi''^^, where M, AT are 0, . . . , 9. r is a bi-fundamental "tachyon" field, of 
which covariant derivative is denoted by DaT = daT — i{A^a^ — A^a^)T. We take the gauge 
= and define the "tachyon" field T by 3?t = T. The tachyon potential is given by 
[22-25] 

''(^) = ^s;(W- 

Though the other candidate of the tachyon potential is V{T) = e~^^/^ [26], we adopt (2.8) 
in this paper by following [21]. 

When there are RR fields in a background, we have to consider the Chern-Simons 
action. Our background (2.1) has two non-vanishing RR fields, which are the three-form 
Cs {F4 = dCs) and the five-form C5. In this paper we shall use the same notation as [3,27] 
(see Appendix A in [3]). We calculate dC^ from (2.1), 

1 N 
dC5 = - — -T— *dC3 = J ^dx^ A dx^ A dx'^ A dx^ A dx'^ A dU . 

Then C5 is evaluated as 

C5 - -Jl^El^M^dx^ A dx^ A dx'' A dx^ A dx^ (2.9) 
27rQ; V4 3ii" 

where the integration constant is determined so that the singularity at t/ = Ukk is removed 
[14]. In the non-compact limit (2.5), the five-form becomes 

C5 = ^^^—^p^dx^ A dx^ A dx'^ A dx^ A dx^ , 



where we used 14 = 87rV3. The RR fields appear in the Chern-Simons action as the 
puUback to the world- volume, P[Cq]. The world- volume coordinates of the flavor D4- 
brane and anti-D4-brane that we shall consider are identified with the dual gauge theory 
directions x'^ {fx = 0,1,2,3) and one of the directions of p and O4, and the collective 
coordinates of the flavor branes are independent of x^. Therefore the puUback of C3 
vanishes, and we can concentrate on only the flve-form C5. 

For the coincident Dp-brane and anti-Dp-brane the Chern-Simons action including the 
coupling with the bi- fundamental tachyon fleld has been proposed by [28] . It is described 
in terms of a curvature supermatrix J" as 



Scs = [ P[C] A Strexp(i27ra'J^) , 



where 



E, p — n+1 p — 71 + 1 

(i2 W) - (27r) - Cn , 

n 

, / z27rQ;'F(i) - T*T DT* 
ilTTa -y z27rQ;'F(2) - TT* 

This action has been proved by [29,30] from the viewpoint of the boundary string field 
theory.^ If the flavor D4-brane and anti-D4-branc coincide with each other in our back- 
ground, the RR fleld does not couple with the world-volume gauge fleld and the tachyon 
fleld. Because the only relevant RR fleld is the flve-form C5. By the same reason, although 
the Chern-Simons action for the separated Dp-brane and anti-Dp-brane with the tachyon 
has not been well established, we can easily infer that the Chern-Simon action for the 
separated D4-brane and anti-D4-brane in our background is 

Scs= [ PW[C5]- /_P(2)[C5]. (2.10) 

The minus sign is due to the supertrace^ and implies the relative orientation of the D4- 
brane and anti-D4-brane. 



^ Other progress on the Chern-Simons actions for the D-brane-anti-D-brane or non-BPS D- 
branes are made by [31]. 

^ Stv(^ ^tvA-tvD. 
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2.3. Intersecting D^-hranes 

Let us change the spherical coordinates of the part of (2.5) to the cyhndric ones, 

dp'^ + p'^dQl = dr^ + r^de^ + dxl , p'^ = + \xt\^ . 

xt denotes the three-dimensional space transverse to the r-6 plane, r is equal to p on the 
plane defined by xt = 0, where the D4-brane and anti-D4-brane that we shall consider are 
located.^ 

The world-volume coordinates of the D4-brane and anti-D4-brane are denoted by 
{x^,x^,x'^,x^,r), while we set the ansatz of the embeddings of these D-branes to be a;^ ^ = 
xp = 0, = -d^ = e(r)/2 and f?^ = = 0. We shaU consider the only r 
dependence of the tachyon field T for simplicity. Substituting these ansatz into (2.7), we 
obtain the tachyonic DBI action, 

3 

Sbbi = J d''xdrV{T)(^^yVv, (2.11a) 



9 /\-^ 9/,^\^ 



V=l+'—e'^ + 27Ta'( -] T'2 + - G^T^ (2.116) 

4 \rJ 27Ta'\r J ' ^ ^ 

where ' denotes the derivative with respect to r. We should note that the Chern-Simon 
action (2.10) vanishes due to the ansatz a;^^ = = 0. We shall give in Section 7 further 
discussion about the more general ansatz of x'^ direction, in which the Chern-Simons action 
contributes. Finally in our setup the action of the D4-brane and anti-D4-brane consists 
of only the DBI action (2.11), and the equations of motion for 0(r) and T(r) are written 
down as 



d 
dr 

d_ 
dr 



ry* \ /v» 



RJ 4VV 

r\^ 2'n'a' , 



V-l^jr^Qy^^ (2.120) 



2na'VV 

^e^T+f;fvP^. (2.126) 
27ra'VV \Rj dT ^ ^ 



We can easily find the trivial solution of these equations, 

G(r) = eoo, T(r) = 0, (2.13) 



^ The part of the metric can be written also by the Cartesian coordinates as dy^ +dz^ +dxx, 
where = + + x^. Though it seems possible to put the parallel D4-brane and anti-D4-brane 
separated along the z direction by the analogy of [6] , this parallel configuration is not a classical 
solution. Details are explained in Appendix A. 
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where Oqo is the constant determined by a boundary condition. If we regard (r, 9) as the 
Cartesian coordinates, this solution describes the paraUel D4-brane and anti-D4-brane, 
which are the analogues of the parallel D8-brane and anti-D8-brane in [6]. (2.13) is also 
realized as the D4-branes intersecting at r = in the polar coordinates (fig. 1(a)). Simul- 
taneously the tachyon field stays at the top of the potential V{T) for any r. 



anti-D4-brane 









D4-brane 

(a) (b) 
fig. 1 (a) The intersecting D4-branes. (b) The U-shaped D4-brane. 

We shall search a non-trivial solution. The bi-fundamental "tachyon" field T(r) is 

really tachyonic around r = 0, in which the D4-brane and the anti-D4-brane would be 

annihilated with each other via the tachyon condensation. If Ooo is sufficiently small, then 

the flavor D4-brane and anti-D4-brane prefer to recombine with each other rather than 

with the color D4-branes. We can expect that as a result the flavor D4-branes become 

the U-shaped D4-branes [17,18] and the tip of the U-shape is far apart from the origin 

r = where the color D4-branes are originally located (see fig. 1(b)). Since at present it 

is difficult to fully solve the equations of motion (2.12) analytically, we shall concentrate 

on the IR and UV asymptotic behavior. 

For later convenience, we introduce a dimensionless variable s by rescaling r as 

(27ra'^2 



-S . 



The action (2.11) and the equations of motion (2.12) are rewritten as 

S-- 



2(2W)^T4 f ,4 , 3 r- 

9sR^ J 



and 



V 



ld_ 
Ids 
d_ 

ds 



1 . 



dQ 
ds 



3 

+ S2 



dT\ 
ds ) 



+ s^Q^T 



2rT-i2 



V{T) rdO 

ds 



vm^^dT 

^ ds 



V 

s^&^T + 



V. 



(2.14a) 
(2.146) 

(2.15a) 
(2.156) 



/V dT 

These equations are useful for numerical analyses which will be done in the following 
subsections. 
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2.4- Solutions in the IR region 

Since the D4-brane and the anti-D4-brane are sufficiently close to each other in the 
IR region {s ^ 1), the open string stretched between these D-branes has a tachyonic 
mode, that is to say, the "tachyon" field T becomes really a tachyon. We expect that 
the condensation of this tachyon gives rise to the recombination of the D-branes, so that 
the D4-brane and anti-D4-brane become U-shaped D4-branes. We shall look for such a 
solution in terms of the power expansion of 0(s) and T{s) around s = so(<^ 1), 

Q{s) = eo{s - soT + Oi{s- sor+' + ■■■ , (2.16a) 
T{s) = tois - so)^ + ti{s- so)^+^ + ■■■ . (2.166) 

So is the constant determined by a boundary condition. Substituting these ansatz into the 
equations of motion (2.15), we find 



0<a<l, b=-2, to=^sla. (2.17) 

a < 1 is required for the smoothness of the D4-brane at s = sq- We also write down this 
IR asymptotic solution in the original variable r: 

T{r) = ^'"",^^^r'^' (r - ro)- + 0{{r- ro)-) , (2.186) 

where ro = {2TTa')'^so/R^- 

We shall analyze the IR behavior by solving numerically the equations of motion 
(2.15). Referring to the solution (2.17), we set by hand the IR boundary sq = 10~^ and 
the following IR initial conditions: 

e(lo-^) = lo-^ ^(lo-^) = lo^ T(lo-^) = lo^ ^(10-^) = -10^ 

as OS 

Though (2.17) implies that ©(sq) = and ^{sq) = T(so) = -^(^o) = oo, the numerical 
computation does not proceed from such singular values. We therefore replaced zero and 
infinity with sufficiently small and large numbers respectively. We should also note that 
the ansatz (2.16) is valid in the range of (s — sq) <^ sq. The numerical result in this range 
is depicted in fig. 2. 
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fig. 2 (a) The polar plot of D4-brane in IR. (b) The behavior of the tachyon field in IR. 

The D4-branes become U-shape and the tachyon field monotonically decreases as we ex- 
pected from the solution (2.17). However, in the region of larger s, the numerical result 
shown in fig. 3 does not agree with our expectation. 

1.4 - 
1.2 - 
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(b) 
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0.06 



fig. 3 (a) The plot of the angle 0(s) from IR to larger s. 

(b) The plot of the tachyon field T{s) from IR to larger s. 

In fig. 3, blows up and T starts to oscillate, when s becomes large. The reason why 
such unfavorable behavior appears is that the numerical analysis is sensitive to the IR 
initial conditions. Some literatures on the numerical analyses of tachyonic DBI action 
have encountered a similar issue [6,7]. 

2. 5. Solutions in the UV region 

In this subsection we shall concentrate on the UV region (s ^ 1). One can suppose 
that the D4-branes are scarcely affected by the tachyon condensation because the "tachyon" 
field is massive in this region. So we shall consider the small fluctuations from the trivial 
solution (2.13), 

e(s) = Goo +5e(s), T(s) = + (5T(s) . (2.19) 
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Calculating the effective action from (2.11) in the quadratic order of these fluctuation 
fields, we obtain the reduced equations of motion, 



d 


( 3 






-1 









ds 
ddT \ 
~~di) 







(2.20a) 
(2.206) 



(2.20a) with the boundary condition 5Q{oo) = is easily solved, 

6Q{s) = Cgs-^ , 



(2.21) 



where Cq is an integration constant. On the other hand, it is hard to solve (2.206) analyt- 
ically. Since we can approximate the equation of motion (2.206) by ^(s^^^) = Q^s'^ST 
in the large s region that we are now considering, the classical solution of the tachyon field 
is described as 

c„ i^2(2eocVi) 



+ 



(2.22) 



In{z) and Kn{z) are the modified Bessel functions of the first and the second kind respec- 
tively. Cnn and Cn are integration constants. Since the first term in (2.22) diverges at the 
limit s — !> oo, it implies a non-normalizable mode. On the other hand, the second term 
converges and corresponds to a normalizable mode. Since we used the perturbation around 
T = 0, the solution (2.22) is valid under Cnn-f2(2©oo\/Soo) ^ C'n-f^2(20oo\/5^), where Soo 
is a cutoff parameter. For the later use, here we write down the UV asymptotic solution 
in terms of r. 



e(r) = 600 + 



2TTa'Ce 1 



T(r) 



(2W)^ 1 



Cnnhi -, Vr + CnK2 



7ra' 



(2.23a) 
(2.236) 



We shall analyze the UV behavior numerically. Following the solutions (2.21) and 
(2.22), we impose the initial conditions: 



6(10^) = 0.5, ^(10^) = 10 



-10 



T(IO^) = 10- 



-16 



dT 



ds ds 
Then the solutions of the equations of motion (2.15) are drawn in fig. 4 
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(a) (b) 
fig. 4 (a) The plot of the angle 0(s) from UV. 

(b) The plot of the tachyon field T{s) from UV. 

When s becomes smaller, 0(s) blows down. This implies that D4-branes would be con- 
nected at a certain small s. And simultaneously the tachyon field T{s) blows up, that is 
to say, the tachyon flows to the true vacuum (T = oo) in the tachyon potential. These 
results agree with our expectation discussed so far. 



3. Quark mass and condensate 

Following the usual AdS/CFT dictionary, a normalizable mode in a bulk theory corre- 
sponds to a physical quantity in the dual boundary theory, while a non-normalizable mode 
corresponds to a parameter. The "tachyon" field in the bulk theory has a bi-fundamental 
representation, which the quark bi-linear has in the boundary theory. Now let us assume 

Con = Am,. (3.1) 

rUq is a current quark mass and A is a fixed parameter with a length scale. We should 
recall that the quark mass term appears in QCD Lagrangian as niqqq. So we can extract 
the quark condensate (gg) by differentiating the energy density with respect to niq and 
then putting rUq = [32]. In our model, since the energy density £ is evaluated by the 
Euclidean action S = — f d^xE, we can calculate the quark condensate. 



6S 



SrUq 



{2Tia'fT^ A 



Cn„=0 ^ys-n- '-'oo 



As a result, the quark condensate corresponds to the coefficient Cn in the normalizable 
mode and it is consistent with the AdS/CFT dictionary. 
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4. Gauge fields 

Let us incorporate the U{1) x U{1) gauge fields Al^\x'^,r) {i = 0, 1,2,3, r) on the 
probe D4-branes into the action (2.11). Here we redefine the gauge fields by 

In the following subsections, wc shall show that A'^^'> and A^~^ correspond to the vector 
mesons and the axial-vector and pseudo-scalar mesons respectively. These gauge fields are 
dealt with as the perturbation on the U-shaped D4-branes which are given by the classical 
solutions 6(r) and T(r) discussed in Section 2. Note that the Chern-Simons action (2.10) 
contains no gauge field. We calculate the efi^ective action of A^^") at quadratic order, 

+ C3|4-^f+C4|4"f +C5F^;^A(-)'^] . (4.1) 

It is remarkable that the mass term of A^~^ appears explicitly in this action. The coeffi- 
cients Ca (a = 1, . . . , 5) are the functions of r given by 



gs ^ ^ Q gs ^ QVv\rJ 
C,= ^-^V{T)(^y^T\ C, = ^^^V{T)^ee'T\ (4.2) 



gs \Rj Vv ' gs 

where Q = 1 + {2tt a'y^R^/'^r^/'^Q'^T'^ and V has been defined by (2.116). Without the 
tachyon field (T = 0), the coefficients C^iC^^^C^ vanish, that is to say, all the gauge fields 
A^'^^ have no mass term. 

4.1. ^(+) part 

In terms of the U{1) gauge symmetry, we can fix A^^ = 0. Under this gauge, the 
A'^^^ part of the action (4.1) is described as 



<SW = -y'd4xdr[Ci|F(+)|'+C2|4+)f] . (4.3) 
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We consider the mode expansion of the gauge field A^f^^ , 



4^^^^0 = E«n^(^'^)V'n(r). (4.4) 



Each mode V'n is determined by the eigen equation 



2dr 

while we set the normalization condition 



^-^(C2Vn')= W+O'CiV'n, (4.5) 



7<^mn = / drCilprn'ipn- (4.6) 



4 

Then the action (4.3) is reduced to the four- dimensional action 



(+)|2 



rifi 



5(+) = -/d^xE[l|/(+)'^|^ + l(m(+))^ 

where fn^l = d^ai^^ — dj^a^f} . The four-dimensional gauge field a^ji^ describes a vector 
meson. 

We shall check in the same way as [6] whether a massless vector meson exists. Let us 
assume mo'^ = 0, which also implies ruq (~ Cnn) = 0. We can estimate V'o from the eigen 
equation (4.5), so that 

r ^ 1 

Mr)- J df-^. (4.7) 

In the UV region, the classical solution of 0(r) and T(r) has been shown in (2.23). We 
should note that T(r) is the exponentially decreasing function of r under that assumption. 
Substituting these 0(r) and T(r) into (4.7), we can evaluate 



V'o(r') ~ / 

J oo 



r 

, 3 _i 

drr 2 r 2 . 



So the zero mode i/jq is normalizable at UV. On the other hand, we can estimate i/jq in the 
IR region by the use of the asymptotic solutions (2.18), 



J rr, 



Since the integration kernel exponentially diverges at f = ro, the zero mode i/jq becomes 
non-normalizable. In other words, a massless vector meson does not exist. 
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4.2. paH 

The part of the action (4.1) is 

5(-) = _y d''xdr[c^\Fl^-^\' + C2\F^^;^f + C^\Al-^\'+C4^^^^^ (4.8) 

We decompose the pseudo-vector field to the transverse component A-j^ defined by 

d/j^A-^'^ = and the longitudinal one A^^: 

Then we expand these fields by modes, 

n 

4(^^0 = E^M^"(^'')^n(0, 

n 

4-)(x^r) = E'^-MCn(0- 

n 

The modes in (4.9) are determined by the two eigen equations: 



CaCu = Ml 



C2(Cn-d')+^C5d 



and the equation providing the relation between and ^Ji: 



dr 



C2(Cn- do + 2^5^11 



+ C3ell+2C5(Cn-e)=0, 



while the normalization conditions are described as 
1 , 



^(^mn = / dr 



c2(Cm-dO(Cn-d')+^^3dd 

In terms of the equations (4.10), (4.11) and (4.12), the action (4.8) is reduced to 



(4.9a) 
(4.96) 
(4.9c) 

(4.10a) 
(4.106) 

(4.11) 
(4.12a) 



(4.126) 



.(-) _ 

pseudo-scalar meson respectively. 



where fnnu = d^anJ — dj^anj . an/J and u>n correspond to the axial-vector meson and the 
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5. Pion 

In this section, we are interested in the lowest mode ojq{x'^) of pseudo-scalar meson, 
which is identified with a pion. 

5.1. Pion mass 

Firstly let us assume that the current quark mass ruq vanishes. Then the pion should 
be massless, that is, Mq = 0, by which (4.106) leads to 

Co = 0. (5.1) 

Since the classical solution (2.22) of tachyon field T(r) in the UV region has only normaliz- 
able mode under that assumption on account of (3.1), T(r) is an exponentially decreasing 
function. This implies that, comparing C3, C5 with C2, we can neglect the terms containing 
C3 or C5 in (4.11). This approximation allows us to solve (4.11) in UV, 

elj=a+A, (5.2) 

where a, /3 are constants. Furthermore the relation between these two constants can be 
derived from the normalization condition (4.126). Substituting (5.1) into (4.126), we obtain 

The right hand side of (5.3) can be evaluated by the UV asymptotic solution, because the 
integrand in the IR region does not contribute on account of the tachyon potential. Then 
in terms of (4.11) incorporated with (5.1), the integration in (5.3) is determined by the UV 
boundary values. Finally we obtain the relation between a and (3 in the massless quark 
limit, 

2 = [^^^0^0 )\r=oo = - 2gsR^'^ ^ ' ^ ^ ^ 

However we have not determined a and /3 yet. In order to do it, the UV boundary condition 
of is necessary. Though this condition should be related also to the one at IR (r = ro), 
we cannot clarify the relation at present. Because we know only the UV and IR asymptotic 
solutions. The constants a, j3 will be associated with the pion decay constant in the rest 
of this paper. 

Next we shall turn on a small quark mass, which allows us to consider the perturbation 
with respect to the small Mq and mq{r^ Cnn)- We then set the power series, Co = Co°^ + 
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M^Co^ + 0{M^) and ^ij = Co^"^ + ^oCH^^^ + 0{M^). Co°^ and are identified with 
(5.1) and (5.2). Since in the UV region we can evaluate (q^^ from (4.106), the UV behavior 
of Co becomes 

(o-M',^-^. (5.5) 
The pion mass square is also described as 

M^ = 2 J drC^Co (5-6) 

which is derived from the eigen equations (4.106) and (4.11) and the normalization con- 
ditions (4.126). Since C4 includes the tachyon potential V{T) which converges to zero 
exponentially at the IR limit, the IR contribution to (5.6) is suppressed. Substituting 
(5.5) into (5.6), we obtain 

1 R^T^ei^(3'^ dr 



M2 167ra'^, 



j - \CnK2 ^3^, Vr j + Cnn/2 1^ ^3/2 ^ ) 



Since C^n (~ "t-^) is regarded as being much smaller than under the small quark mass 
perturbation, the pion mass square is approximately evaluated 



M.(=Mo) = - ^er,e4^^2 • (5-7) 



5.2. Pion decay constant 



Let us recall that the pion decay constant in QCD appears in the two-point axial 
current correlator 11 "^"^ at the massless quark limit. In the large Nc limit, it is described 
in the momentum space as 



n P + [mil y 



Since, following the AdS/CFT dictionary, the axial- vector current corresponds to the UV 
boundary value of axial- vector field the effective action of the axial- vector should be 



(27r)2 2 P 

Then the pion decay constant can be extracted by differentiating the effective action twice 
with respect to an "* and putting = 0. By the use of this method, Refs. [33,12] achieved 
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to calculate the pion decay constant in AdS/QCD model and Ref.[6] in the modified SS 
model. 

We shall compute the pion decay constant in the same way. We concentrate on 
the zero mode of the axial-vector field ciq^^q and consider its Fourier transformation 
'^OiJi^^) — I (2tv)'^ ^^^^^oix (p^)- Then we extract from (4.8) the effective action of OqJ on 
the momentum space, 

= - / (1^ [(2Cieo^V + {^^'f + C3^o^^ - C,i^i^')a\,-^a[-^' 

From this equation, we can read the pion decay constant. 



where we used the eigen equations. The IR region does not contribute to the integration in 
this equation, because C2, C5 include tachyon potential V{T) which exponentially vanishes 
by r — > ro- On the other hand, in the UV region, C2 is dominant compared with C5 and 
provide the leading contribution for the integration in (5.8). Finally we evaluate (5.8) as 

\fl={C2^^^^')l^^, (5.9) 

where we used (4.10a) with mg '* = 0, in other words, the on-shell condition for Aj^. (5.9) 
implies that the pion decay constant is described in terms of the UV boundary value. 
Comparing (5.8) with (5.3), we can read the relation, 

= • (5.10) 

If we fix the boundary condition ^^(00) = c, where c is a dimensionless constant, (5.2), 
(5.9) and (5.10) allow us to describe q;,/3 by the use of /tt as 
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5.3. G ell- Mann- Oakes-Renner relation 

We have calculated the quark mass (3.1), the quark condensate (3.2) and the pion 
mass (5.7). Combining these quantities with (5.11), we can show GOR relation, 



M-^ = -Sc-^, (5.12) 



up to a numerical factor 4c^. In order to satisfy an exact GOR relation, the factor c, which 
is the UV boundary value ^q-(oo), has to be equal to 1/2. However, as we mentioned, we 
cannot determine this value, because we do not know the exact classical solutions over all 
r{> To). 



6. Scalar fields 

In this section, we shall give some comments on scalar fields. So far we have studied the 
gauge fields, which contain a pseudo-scalar field Ar~\ There still exist many fluctuations 
of scalar fields which originate from the collective coordinates X4, 6, xt and the tachyon T. 

For instance, let us turn on the fluctuation along the X4 direction. In VW model, the 
quadratic effective Lagrangian for the fluctuation of X4 around the classical solution does 
not include its mass term, so that this fluctuation provides us with a massless mode in the 
non-compact limit (pkk — > 0). On the other hand, in our intersecting D4-branes model, 
the fluctuations of X4 obtain a mass term in the way similar to the gauge flelds. Concretely 



we set the fluctuations as X^'^\x^, r) 



J2) 
^4 • 



Note that X| ^(ro) 



is 



necessary for the smoothness at the tip of the D4-branes. Then we calculate the quadratic 
effective action, 



S[X4] = 

98 



+ 



+ 



V{T) { r 



V{T) 



(-)|2 



- 



V{T) / r 
2'Ka'VV\R 



1 + 



2na' 



r 



e 



/2 



(-)^2 



87ra'VV\Rj ^ ^ 



where 0(r) and T(r) are the classical solutions. The last term is derived from the Chern- 
Simon action. As we mentioned above, the mass term of X^~^ which is proportional to 
appears explicitly. 
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7. Conclusions and discussions 

We have studied the intersecting D4-branes in the background of large Nc D4-branes 
by the use of the tachyonic DBI action. We have found the trivial solution of the equations 
of motion which corresponds to the intersecting D4-branes with T(r) = 0. In this solution 
the tachyon stays on the top of the potential V{T). Since the bi-fundamental "tachyon" 
field, which originates from the open string stretched between the intersecting D4-branes, 
has negative mass square around the intersection point, the D4-branes recombine into the 
U-shaped D4-branes. We have analyzed the asymptotic behavior by analytically solving 
the equations of motion in the IR and UV regions, and we have obtained the U-shaped 
classical solution corresponding to that recombination. We have also computed the solu- 
tions numerically from the IR or UV initial conditions. However at present it is difficult 
to find the full solutions in all region even numerically. This issue is left for future works. 

The classical solution of the tachyon field in UV consists of the non-normalizable mode 
and the normalizable one. By assuming that the former corresponds to the current quark 
mass, we have shown that the latter is naturally related to the quark condensate. 

The effective action for the fluctuations of the gauge fields from the classical solution 
has been calculated and contains the mass terms which appear due to the tachyon field. 
By the mode expansions of these fluctuations, the vector, axial-vector and pseudo-scalar 
mesons have been obtained in the aI'^^ = gauge. We have shown that the massless 
vector meson does not exist. And we have also evaluated the pion mass and the pion 
decay constant by the use of the UV and IR asymptotic classical solutions. Incorporating 
the current quark mass and the quark condensate into these quantities of the pion, we 
have obtained GOR relation up to a numerical factor. 

In our model, there are also the scalar fluctuations derived from the collective coordi- 
nates of the probe D4-branes. We have computed the fluctuation of X4 direction, so that 
it has a mass term including the tachyon fleld in the similar way to the gauge flelds. On 
the other hand, without the tachyon, our model is reduced to the model of [14], in which 
there is no mass term for the X4 fluctuation. 

In the rest of this paper, we shall give some comments. Though we have considered 
the separation of D4-branes along only the 9 direction, the separations along the X4 and 
xt directions are also available. In this case we must consider the contribution by the 
Chern-Simons action (2.10). For instance, let us additionally turn on the separation L(r) 
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along the X4 directions defined by x^'^ = —x^^ = L{r)/2 (see fig. 5). The action is written 
down as S[Q,T,L\ = S-dbi[&,T, L] + Scs[L], 




(a) (b) 
fig. 5 (a) The skew D4-branes. (b) The sheared U-shaped D4-brane. 

If L{0) is sufficiently small, the "tachyon" field T becomes really tachyonic around r = by 
the same reason discussed in the previous sections. The skew D4-brane and anti-D4-brane 
therefore are connected with each other through the tachyon condensation, and roughly 
lead to the sheared U-shaped D4-branes like fig. 5(b). However, as discussed in [14], the 
shape of the fiavor branes would be modified owing to the Chern-Simons action. This 
issue is left for future work. We should note that the new parameters which are derived 
from the boundary conditions for L(r) can be introduced additionally into the dual gauge 
theory. 

So far we have considered the non-compact background, because it is impossible to 
put such intersecting D4- branes in the compact background (pkk 7^ 0). However the UV 
behavior would not be changed even in the compact case. If we formally write down the 
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action in the compact background as 

3 

OT". r / r \ ^ 5 

<5cpt = J d''xdTV{T){-\ gl^/V^t, 

the difference between the non-compact and the compact cases is the factor g+{r). Since it 
is equal to one at the hmit r — > 00, the difference disappears in the UV region. Furthermore 
GOR relation would be satisfied also in the compact case, because the quantities about the 
quark and the pion which we have calculated are described in terms of the UV boundary 
values. 



Appendix A. Parallel D4-brane and anti-D4-brane 

We can describe the part in (2.5) in terms of the Cartesian coordinates {y, z,xt) 



as 



R 



3 



[rjf.^ydx^'dx'' + dxl] + — [dy^ + dz^ + dx^ , 



where = y^ -\- ^ x\. In the analogy of [6], it seems possible to locate the parallel D4- 
branes and anti-D4-branes which are separated along the z direction. When the D4-brane 
and anti-D4-brane with the world-volume (x*^, x^, x^, x^, y) are embedded into the target 
space so that = xY'^ — 0, zP^ — —z^^ 
becomes 



= Z{y) and Xj-^ — Xj.'^ — 0, the action (2.6) 



?D4 



S[Z,T] = 



2T4 



9s 



d''xdyV{T)[^ 



1 + 



1 ( dZ 



4:\dy 



fdT 



\dy 



+ 



3 



1 



z' + y' 



Prom this action, we calculate the equations of motion for Z(y) and T[y): 



d 
dy 



d_ 
dy 



VjT) ( P 



^dZ 
dy 



2 ^ ^ Rip^ 



27Ta'V{T) r pVdT 
\r) 'dy 



3 27ra'pZ fdT 



- 



4 i?3 \dy 
V{T) 



3 Z^T^ 4ZT2 

4 2'Ka'p'^ 2'Ka' 



2TTa'y/V^ 
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Z^T + 



'V: 



-dV{T) 
dT 



(A.la) 
(A.16) 



The separated parallel D4-brane and anti-D4-brane which are denoted by Z{y) = 
constant 7^ and T{y) = are not a solution. On the other hand, Z{y) = and T{y) = 
are the solution of (A.l), however it describes the coincident D4-brane and anti-D4-brane, 
which are the same configuration given by the solution = and T = of the intersecting 
case (2.12). 
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